Motivated by recent prototypes of engineered atomic spin devices, we study a fully connected system of n spins 1/2, modeled by the Lipkin-Meshkov-Glick (LMG) model of a collective spin s = n/2 in the presence of Markovian dissipation processes. Employing semi-classical and variational methods and a systematic Holdstein-Primakov mapping, we determine the phase diagram and the spectral and steady-state properties of the Liouvillian by studying both the thermodynamic limit and 1/s corrections. Our approach reveals the existence of different kinds of dynamical phases and phase transitions, multi-stability and regions where the dynamics is recurrent. We provide a classification of critical and non-critical Liouvillians according to their spectral and steady-sate properties.
I. Introduction
Quantum systems submitted to non-equilibrium conditions support a rich set of physical phenomena yet to be classified. This endeavor encompasses complex emergent features already found in non-linear classical dynamics and equilibrium quantum matter, but has also the potential to reveal effects unique to non-equilibrium quantum degrees of freedom. Various of these aspects have been explored recently, motivated by advances in the manipulation and control of cold atomic and solid-state setups.
Artificial magnetic structures deposited on metallic surfaces are particular examples of novel setups where the ability to manipulate and monitor individual atomic spins offers the possibility to control and study a non-equilibrium open quantum system in a controlled fashion [1] [2] [3] [4] . A number of prototypes have already demonstrated the potential of these engineered atomic spin devices for information processing [5] [6] [7] [8] [9] [10] and spintronic applications 1, [11] [12] [13] . The basic setup consists of the set of magnetic atoms deposited on a thin insulating layer coating a metallic surface. Atoms are individually addressable by a spin-polarized metallic tip. Applying a finite bias voltage between the tip and the surfaces induces an inelastic current that can be used to infer properties of the magnetic state. A number of theoretical approaches are available to model the current signal [14] [15] [16] [17] [18] [19] . A recently developed method 18, 19 is also able to capture the quantum evolution of the atomic magnets using a quantum master equation of the Read-field type.
For artificial magnetic structures, the most relevant system-environment interaction is the magnetic exchange with the itinerant electrons of the metallic substrate 16, 20 . The environment induces an effective memory on the dynamics of the system's density matrix. Although memory effects are generically non-negligible, they can, in some cases, be assumed instantaneous as compared with timescales within the system. For metallic environments, this Markovian regime is obtained for large temperatures or chemical potentials 21 . In this work, we consider regimes where the bias voltage applied between the tip and the metallic substrate is large. In this case, the master equation for the evolution of the density matrix of the magnetic system, obtained in Ref. 19 , is Markovian and reduces to the Lindblad equation 22, 23 . We examine the case of a fully connected magnetic structure made of n spins-1/2 and study the dynamics in the highest spin sector, which can be modeled by a collective spin s = n/2.
In the absence of dissipation, collective spin models have been extensively investigated. Perhaps, one of the best studied is the Lipkin-Meshkov-Glick (LMG) model [24] [25] [26] -a ubiquitous system featuring a fully connected set of spins-1/2. Its ground-state properties [27] [28] [29] [30] [31] , spectrum, correlation functions [32] [33] [34] [35] [36] and dynamics 31, 37, 38 can be systematically obtained in the thermodynamic, i.e. large s limit, by a semi-classical expansion with 1/s playing a role similar to . Non-perturbative effects can also be captured by semi-classical methods 36 .
Markovian dissipation in collective spin models was first considered to describe spontaneous emission of an ensemble of two-level atoms in a superradiant phase [39] [40] [41] [42] . Various variants and generalizations of these models have been studied since then [43] [44] [45] [46] [47] . These systems, belong to a family that we refer to as dissipative Lipkin-MeshkovGlick modesl, in analogy with its dissipationless counterpart. In cases where an exact construction of the steadystate exists 41, 48 correlation functions can be computed exactly. Otherwise, semi-classical methods 43, 44 and perturbative 1/s expansions 45 were employed, as well as exact diagonalization, to access the steady-state and the spectrum of the Lindblad operator. Such studies reveled the existence of several phases characterized by qualitatively different steady-states properties. These include systems with a single or bistable steady-states 44 or cases where, in the thermodynamic limit, no steady-state could be found and the system attains a recurrent periodic orbit, dependent of its initial condition [39] [40] [41] [42] . Recently, models featuring independent, i.e. non-collective, spin decay have also been considered [49] [50] [51] .
A significant body of works has been devoted to the study of phase transitions in Markovian dissipative systems 46, [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] . Contrarily to their equilibrium counarXiv:1801.00818v1 [cond-mat.mes-hall] 2 Jan 2018
terparts, a classification of quantum critical phenomena in the presence of dissipation has not yet been accomplished. Symmetry-breaking does not occur in some cases 46, 53, 55 , despite still playing a major role 59 . Questions such as: "how the relaxation to the steady-state, that is exponential for any finite system, may become power law at the thermodynamic limit?" and "how does it change at the transition?" have started to be addressed 60, 62, 63 . At the experimental level a number of groups have recently study realizations of dissipative phase transitions in optical cavities [64] [65] [66] [67] . In this paper, we consider the dissipative LMG model with Markovian dissipation. The specific form of the jump operators is motivated by a solid-state setup, that features magnetic atoms deposited on a metallic surface where spin transport arises by the proximity with a spin polarized metallic tip held at a finite bias voltage (Fig.1) . Our results are also of interest to quantum optics and cold atomic setups, where variants of the dissipative LMG model have previously been realized.
The paper is organized as follows. The model is introduced in sec.II. A description of the phase diagrams obtained for two tip polarization directions, as well as the main characteristics of each phase, are given in Sec.III. Sec.IV gives a summary account of the 1/s expansion using the Holdstein-Primakov mapping that can be used to systematically compute 1/s corrections of observables. A detailed analysis of the Liouvillian spectrum, dynamics and properties of the steady-state in each of the phases, as well as the phase transition lines is given in Sec.V. In Sec.VI we give a classification of the different phases, summarize our main findings and discuss their implications. The appendix sections present some of the details of calculations used to derive of the results in the main text. Sec.A provides a derivation of the semiclassical and variational equations of motion and Sec.B details the derivation of the linearized Liouvillian.
II. Model
We consider the system depicted in Fig.1 consisting of a magnetic moment deposited on a metallic surface and in contact with a metallic tip with a spin polarization p. The collective magnetic moment, that can be of an atom, an artificial atomic structure or a molecule, is modeled by the LMG Hamiltonian
with S α=x,y,z obeying the su(2) commutation relations with S.S = s(s+1). This spin representation is obtained as the symmetric sector of n = 2s two-level systems. The coefficients γ x , γ y are determined by the surface anisotropy and h is a local magnetic field. In what follows, we consider that the applied field always points in the direction perpendicular to the surface, i.e. h = he z , and two possible orientations for the polarization vector: a case Upon applying a voltage difference between the metallic spinpolarized tip and the substrate, a charge current ensues. Two polarization directions are considered: p = pez (i.e. p h) and p = pey (i.e. p ⊥ h).
where the field and the polarization are parallel, with p = pe z ; and a case where they are perpendicular, with p = pe y with −1 < p < 1.
The collective magnetic moment is a good effective description of an atomic aggregate with a large charge-gap. The exchange interaction between the magnetic moment and electrons in the metallic leads is induced by virtual processes where, the atomic aggregate acquires (donates) and donates (acquires) an electron from the leads. Such processes, induce relaxation and decoherence effects to the magnetic state and allow a charge current to ensue in the presence of a finite applied voltage. If the effective exchange coupling is not too strong, a perturbative treatment allows for the description of the dynamics in terms of a (non-Markovian) master equation for the density matrix of the magnetic moment; the details of the derivation can be found in Ref. 19 . The Markovian limit is recovered for a large bias voltage, where the master equation ∂ t ρ = L (ρ) acquires the Lindblad form 22, 23 
where W i , with i = +, −, z, are the so called jump operators
3) The tilde "˜" denotes that the quantization axes of the operator is taken along the polarization of the tip. In the two situations treated here we haveS α = S α for the parallel case andS α = e i π 2 Sx S α e −i π 2 Sx for the perpendicular setup. Γ is the rate of the quantum jumps, proportional to the absolute value of the applied voltage (see Appendix G of Ref. 19 ).
III. Phase Diagram
The phase diagrams for the parallel (p h) and perpendicular (p ⊥ h) cases are given in Fig. 2 and 5 respectively. These results were obtained by two different methods: (i) by considering the equations of motion for the magnetization n = S /s at leading order in s, assuming a factorization of the mean-values S α S β = S α S β + O s 1 and searching for fixed points; (ii) by assuming an ansatz density matrix of the form ρ ∝ e m.S and deriving the equation of motion for the ansatz parameters m. The details of the derivations of (i) and (ii) are given in Appendices A 1 and A 2 respectively. Both approaches yield similar results in the parallel case, where the steady-states are found only for |n| = 1, and are shown to differ in the perpendicular case.
In what follows, we qualitatively describe the different phases according to the asymptotic long-time behavior of the system, as well as the nature of the phase transitions between them. We compare these approaches to results obtained by exact diagonalization of the Liouvillian operator obtained for finite s.
A. Parallel polarization
For the parallel polarization case (p h), shown in Fig.2 -(left panel), there are three distinct phases: I , II and III described above. Besides the phase transition lines shown in the figure, h = 0 corresponds to a critical plane of transitions. In this plane the system behaves in a similar way as for some phases in the perpendicular case (p ⊥ h), therefore we relegate its discussion for the next subsection.
-Region I is characterized by a unique stable steadystate located, by symmetry, along the z-axis. The average magnetization of the steady-state, obtained for finite s by exact diagonalization of the Liouvillian, approaches its infinite s value up to 1/s corrections. The finite and infinite s values of the average magnetization S are depicted as coinciding blue and black points in Fig.2(b) . The semi-classical and finite-s dynamics (respectively depicted by a green line and by a blue dashed line in Fig.2-I ) yield qualitatively similar results. In addition to the attractive fixed point at the south pole an unstable fixed point is located at the north pole. Saddle points may appear in some regions of the parameter space.
-In region II we find two steady-states related by symmetry for s → ∞, depicted as black dots in Fig.2 -II . For finite s the degeneracy of the eigenvalues of the Liouvillian is lifted, with a spectral gap that is exponentially small in s and a unique steady-state emerges (its average magnetization is depicted as blue dot). This has consequences for the dynamics: for infinite s one of the two attractors is attained at large times depending on the initial condition (green and pink lines in Fig.2-II ) ; for finite s (see blue dashed line) there are two separated time scales in the evolution, first there is an exponential time decay in the direction of one of the classical states with a rate of order s 0 , this is followed by another exponential decay now to the unique steady-state solution. This second decay is ruled by the eigenvalue of the Liouvillian with the smallest negative real part, thus the decay time is exponentially large with s. The north and south poles that were respectively unstable and stable solutions of region I are both unstable in this region.
-Region III is characterized by the existence of three classical steady-states: two related by symmetry and one where the magnetization vector is at the z axis. For finite s there is only a unique steady-state. The Liouvillian spectrum has two eigenvalues that vanish exponentially in s in addition to the zero eigenvalue corresponding to the steady-state. For the s → ∞ dynamics, this implies that the trajectories end in one of the three fixed points, depending on which basin of attraction the initial state belongs to. For finite s, there is a separation of timescales, as in region II , where after an exponential large time in s the unique steady-state is attained. Note that, the classification into regions is based on the number of classical steady-states, a further division within region III (dashed black line) is obtained by considering steady- state properties at finite s and is further explained below.
We now turn to the description of the phase transitions. As referred above, the critical phases obtained within the plane h = 0, labeled 0 and I , have similar properties to the phases 0 ⊥ and I ⊥ respectively described in the next section.
-The transition I ↔ II is of second order, with the unique steady-state of I giving place to two symmetry broken ones for II . This can be seen in Fig. 3 -(lower panel) where the semiclassical values computed at the stable fixed points are depicted in orange and the finite-s values, obtained by exact diagonalization, are depicted as green points. A good order parameter for this transition is S z /s − 1.
-At the II ↔ III and III ↔ I transitions the quantity lim s→∞ S z /s computed in the steady-state is continuous as seen in Fig. 3 -(upper panel). The discontinuity of the finite-s magnetization arises within the phase III . Note that, at the semiclassical level the stable solutions of phases I and II coexist in the intermediate phase III . Within this phase, the Liouvilian has three zero eigenvalues for s → ∞, yielding hysterical dynamics between the stable solutions of phases I and II . This can be seen in Fig. 3 -(upper panel) where we depicted the magnetization values corresponding to the unstable fixed points as pink lines. Transitions II ↔ III and III ↔ I are based on dynamical properties rather than on ground-state ones. For finite-s, dissipation induces transitions between the stable classical fixed points and eventually selects between one of them. If the phase diagram was based solely on the properties of the finite-s steady-state, phase III would not exist, and instead a first order phase transition would arise between phases I and II . This scenario of a first order phase transition is similar to the one reported in Ref. 61 , the only difference being that the phase equivalent to that of region II 
has in
61 an unique semi-classical stable point.
-The transition I ↔ III across the plane h = 0 is of a different nature regarding the dynamic properties. At h = 0 the Liouvillian spectrum is qualitatively different, sharing the remarkable properties with the perpendicular case and allows for recurrent dynamics, never reaching a steady-state at the thermodynamic limit. However, with regard to the properties of the finite-s steady-state, there is no discontinuity of the magnetization at the transition, as can be seen in Fig.4 . The scenario is similar to that of the first order transition described before where a discontinuity of the magnetization is observed within region III , along the black dashed line.
-The transition II ↔ II that crosses the plane h = 0 is of first order regarding both the spectral steady-state properties. The discontinuity of S 2 x /s 2 is shown in Fig.4 . In contrast to the first order scenario described before, the II ↔ II transition has no coexistence region and the steady-state properties change at the same time as the spectral ones.
B. Perpendicular polarization
The case p ⊥ h where the polarization is taken to be perpendicular to the field, shown in 
-Region 0 ⊥ has no stable classical steady-state. The two fixed points, depicted as red dots on the z = 0 plane in Fig.5 -0 ⊥ , are marginal, i.e. the eigenvalues of the matrix given by linearizing the evolution around them have a zero real part. The classical evolution follows closed orbits that surround one of the two fixed points (green and pink lines), depending on the initial condition. The asymptotic long-time state it thus a recurrent one and the dynamics keeps memory of the initial state for all times. The existence of recurrent classical solutions was previously identified in [39] [40] [41] [42] and recently in studied in 46, 47 . For the case γ x = γ y = 0 and p = −1 an explicit solution of the steady-state for finite s is known 39-41 . For finite s, a unique steady-state is attained (blue dot) by the dynamics obtained by exact diagonalization of the Liouvillian (blue dashed line). The asymptotic long-time state is not captured by the classical analysis. However, the variational method finds a line of steady-state solutions (yellow line) linking the two classical unstable fixed points to which the finite s stationary magnetization converges. The finite-s picture emerging from our variational dynamics is the following: finite size corrections destabilize the recurrent classical evolution and, after a timescale that increases with s −1 , a unique steady-state is attained with an entropy that grows with ln (s) (a justification for both claims is provided in Sec. V). Note that, if the initial state is one of the marginal fixed points, the evol- ution to the finite-s steady-state is along the lines found by the variational method. Therefore, including 1/s corrections to the variational procedure is expected to lift the degeneracy of the states along the line and yield a unique steady-state that coincided with the finite-s one.
The peculiar spectral properties of the Liouvillian in this phase 46, 47 are detailed in the next section.
-Region I ⊥ is characterized, at the classical level, by a stable steady-state solution and a coexistence of recurrent states, like the ones of region 0 ⊥ . The initial state determines in which long time asymptotic regime the evolution ends up in. A separatrix line, depicted by a gray line in Fig.5 -I ⊥ , separates a region where an initial state attains asymptotically the stable fixed point (green line) from a region where an initial state yield a recurrent evolution (pink line). The finite-s evolution, obtained by exact diagonalization of the Liouvillian (blue dashed line) starting from an initial state in the classical recurrent region, first approaches the classical recurrent evolution and subsequently decays to the stable fixed point captured by the classical analysis. As in 0 ⊥ , the variational approach predicts a line of steady-states (yellow line) however, here the finite-s steady-state does not belong this line and thus finite-s corrections to the variational approach should show that the central point has an unstable direction.
-Region I ⊥ has a single stable steady-state and the same qualitative properties as I . This region exists only for h < h c = pΓ/2.
The phase transition in the perpendicular case can be of two kinds 0 ⊥ ↔ I ⊥ and I ⊥ ↔ I ⊥ : -The 0 ⊥ ↔ I ⊥ transition is of first order, with a discontinuous magnetization shown in Fig. 6 . However, as there is no unique classical steady-state in phase 0 ⊥ , this transition seems to escape the Landau paradigm 46 .
-The I ⊥ ↔ I ⊥ transition regards only the spectral properties of the Liouvillian. The steady-state magnetization, depicted in Fig. 6 for finite s, is continuous across the transition for s → ∞ with non-analyticity at the phase transition point.
IV. Linearized Liouvillian operator
In order to understand the properties of the steadystate, as well as the spectrum and the dynamics in the large-s limit, it is useful to perform a systematic 1/s expansion of the Liouvillian operator around the fixed points of the dynamics. This can be done by a Holdsteing-Primakov transformation mapping the spin degree of freedom into bosonic ones. At leading order in s the bosonic problem is quadratic and can be solved exactly, higher order corrections can be obtained by perturbing the quadratic solution.
A. Holdsteing-Primakov transformed Liouvillian
The Holdsteing-Primakov (H-P) transformation
followed by a shift in the bosonic operators a → a + √ 2s
, with α ∈ C, conserves the spin commutation relations. Developing the H-P relations to leading order in s after the shift one obtains
which coincides, at leading order, with the mean value of S for a spin-coherent state |α c = e αS+ |s − s
The shift thus allows for a systematic 1/s development around any spin-coherent state.
Inserting the generalized H-P relations in the expression for the Lindblad operator and developing in powers of s, up to order s 0 , we obtain a quadratic Liouvillan in the bosonic operators, where H can generically be casted in the form
with A = a, a † T , the single-particle hamiltonian H is a 2 × 2 matrix and ζ a two-component complex vector. In the same way the jump W i can be written as
with w i a two-component complex vector and c i a complex constant. The quantities H and w i are of order s 0 and ζ and c i are of order s 1/2 . A suitable choice of the displacement α can be used to set to zero the terms proportional to ζ or c 0 in the linearized Liouvillian, obtaining and operator only with quadratic terms in the creation and annihilation operators. The values of α that have this property are those that fulfill fixed-point conditions of the classical dynamics given in appendix A 1. Therefore this step is equivalent to choose as linearization points the fixed points of the classical equation of motion.
B. Spectrum
The results of the previous section indicate that, in order to understand the steady-state properties and longtime dynamics, we must consider quadratic bosonic Liouvillans. Properties of these operators were studied in Ref. 68 . We derive some of the results in appendix B, in particular, we provide an explicit construction of the unique steady-state and a derivation of the simple structure of the spectrum. The treatment is similar to that used for quadratic fermion Liouvillians in Ref. 21 and thus, although equivalent, differs from that of Ref.
68 . For the case of a single bosonic mode obtained by 1/s expansion of the H-P transformation the eigenvalues Λ n,m of the Liouvillian are given by Λ n,m = i nλ − mλ where λ is a complex number that can be obtained from H and w i (see appendix B ).
In practice, even for the simplest cases, the lower part of the spectrum of the full Liouvillian, ruling the long time dynamics, is a combination of the spectra of different stable and unstable classical fixed points. For larger values we can observe a convergence to the linearized prediction with increasing s. It is also interesting to note that the lowest part of the spectrum caries information about the unstable fixed points.
C. Steady-state
The properties of the steady-state can also be predicted from the linearized Liouvillian. Figs. 7-(left panel) shows, respectively, the 1/s corrections to the magnetization S z −s in phase I where lim s→∞ S z /s = −1, and the Von Neumman entropy of the steady-state, defined as S E = −tr (ρ ln ρ), as a function of γ x in phases I and 
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▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ II and across the I ↔ II transition. The finite-s results converges to the analytic predictions obtained using the linearized Liouvillian around the stable steady-state for the magnetization in phase I and for the entropy in phases I and II . At the phase transition, the perturbative expansion is no longer valid and the semi-classical result breaks down. When the linearized steady-state is a good approximation of the finite-s one, the Von Neumman entropy in the s → ∞ limit approaches a constant value. It is worth noting that, at the semiclassical level, only the combination Γp appears in the equations of motion and in the linearized spectrum. However, 1/s corrections to observables and the Von Neumman entropy depend of the parameter p alone as well as of the combination Γp. This can be seen in Fig. 7-(left panel) , where two values of the p and Γ, with the same ration Γp were considered. This property can be traced to the fact that the linearized spectrum and the semi-classical dynamics are only sensible to the non-hermitien contributions of the jump operators however, the steady-state is determined by the hermitian contributions as well (see the definition of the matrix M and Γ in Sec. B).
Note that, for phase II the two spectra obtained by linearization around the classical states are exponentially degenerate. At leading order in s, these states are well approximated by ρ 0 = 1 Z0 (|α 1 α 1 | + |α 2 α 2 |), with Z 0 = tr (|α 1 α 1 | + |α 2 α 2 |), and ρ 1 = |α 1 α 1 | − |α 2 α 2 |. The steady-state can thus be seen as a maximally mixed state between the two classical stable solutions. At next to leading order in s the density matrix is given by ρ 0 = 1 2 (χ 1 + χ 2 ), where χ 1,2 are the finite entropy states obtained by linearizing the Liouvillian around α 1,2 . Since the overlap α 1 |α 2 c is exponentially small in s, the support of χ 1 and χ 2 is exponentially non-overlapping, i.e. tr (χ 1 χ 2 ) / tr (χ 1 χ 1 ) tr (χ 2 χ 2 ) is also exponentially small in s. In this case, up to exponential small corrections in s, χ 1 and χ 2 can be assumed to belong to different subspaces. As a consequence mean values of operators can be approximated by tr (ρ 0 O)
The entropy of ρ 0 is also well approximated by S E = ln 2−tr (χ 1 ln χ 1 ) since by symmetry the entropy of χ 1 and χ 2 are equal. In phase II , the ln 2 factor is essential to obtain the agreement between the linearized and the finite-s calculations seen in Fig.7 -S E .
V. Spectrum, Dynamics and Steady-State Properties
In this section, we study in detail the overall dynamics and the excitation spectrum within the different phases identified in Sec.III and provide further arguments to substantiate the statements made in that section. When possible, we employ the results of the last section using the linearized Liouvillian.
A. Parallel polarization Within phase I (upper panel), the magnetization dynamics obtained for finite-s by exact diagonalization of the Liouvillian tends to the semi-classical prediction as s increases. At large times, the entropy converges to its steady-state value that can be obtained from the linearized Liouvillian (dashed blue line). The exponential decay to the steady-state is ruled by the time-scale τ = −Imλ s , with λ s defined in Sec. IV B.
In phase II , depicted in Fig. 8 -(middle panel), the magnetization dynamics for finite-s is characterized by two different time scales as alluded to in Sec. III. The first timescale, of order s 0 , is given by τ = −Imλ s , with λ s obtained by linearizing the Liouvilian around one of the two symmetry-related stable steady-states. This timescale rules the exponential decay to one of the stable steadystates. The choice of the particular state depends which basin of attraction the initial point belongs to. Within this timescale the evolution of a finite-s system tends to the semiclassical evolution as the value of s increases. A second timescale is given by the inverse of the first nonzero eigenvalue Λ 1 of L. For times larger then the timescale Λ −1 1 , the dynamics resolves the degeneracy between the steady-state ρ 0 and the first excited state ρ 1 of L defined in sec. IV C. Therefore, the system approaches steady-state ρ 0 at an exponential rate Λ 1 . As Λ 1 is exponentially small in s, these two timescales become increasingly separated for large s and can be well identified in the dynamics.
The dynamics in phase III , depicted in Fig. 8 -(lower panel), also has well several timescales. A first set of timescales, of order s 0 , is given by the lowest eigenvalue of the linearized Liouvillian. There are two such timescales since two of the three stable fixed-points are related by symmetry. The second set of timescales is given by Λ 2 , corresponds to which of these processes depends on which side of the first order transition the system is in. In practice we were not able to separate these two scales in the dynamics of Fig. 8 lower panel.
As noticed before there are four kinds of steady-state phase transitions in the system: two first order, one with coexisting stable fixed points (I ↔ III ↔ II ) and one with no coexistence (II ↔ II ) and a second order phase transition (I ↔ II ). The I ↔ III ↔ II transition is hard to be located numerically and an analytical treatment of the spectral properties beyond the heuristic picture given above requires a non-perturbative treatment that is out of the scope of this work. The transition II ↔ II is realized passing by the 0 critical plane in Fig. 2 -left, the spectral and the steady-state properties of this phase are similar to those of phase 0 ⊥ and will be analyzed in next section. The spectrum at the I ↔ II critical point is depicted in Fig.9 . As s increases a larger number of eigenvalues approach zero following a process sketched in Fig. 9 -right panel: two complex conjugate eigenvalues meet at the real line, after that one of the values approaches zero. For the sizes studied here we could only see one the eigenvalues approaching zero but the process of merging of conjugate pairs could be identified for two other cases. The behavior of the first eigenvalue of the of the Liouvillian with s is given in Fig.9 , showing Λ 1 ∝ s −ν with ν 0.5. The entropy of the finite-s steady-state is given in the inset of Fig.9 left panel. The scaling seems to be logarithmic in s, i.e. S E ∝ ln (s). Note that, for the parallel case away from the phase transition points, all steady-states have a finite entropy in the infinite s limit. B. Perpendicular polarization Fig. 10 shows the dynamics of the magnetization and entropy of an initial state, fully polarized along the y direction, for the three phases of the perpendicular case polarization case.
The dynamics both of the magnetization and the entropy in phase I ⊥ , see Fig. 10 -lower panel, is similar to that of phase I in the previous section. Therefore, we refer the reader to the discussion of phase I for the physical picture of the dynamics in that phase.
Phases 0 ⊥ and I ⊥ allow for recurrent states in the semiclassical limit that support perpetual oscillations with an amplitude and frequency that depends on the initial condition. Such coherent evolution implies the Liouvilian spectrum has an accumulation of points on the imaginary axes in the s → ∞ limit. This property, recently studied in Ref. 47 , is shown in Fig. 11 for the case a point in region 0 ⊥ . As referred previously, in this region the two classical fixed points are marginal. The prediction from the linearized Liouvillian is therefore a fully imaginary spectrum separated by the values of λ corresponding to each fixed point. For finite-s (see Fig. 11-right panel) , we observe that the spectrum indeed approaches the imaginary axes and that eigenvalues sufficiently close to the imaginary axes fall along the lines given by the linearized prediction. In this phase, the Liouvilian gap Λ 1 and the real part of the first few Liouvilian eigenvalues (Λ 2 , Λ 3 ,...) vanish as s −1 (see Fig. 11-left panel) . This implies that in phase 0 ⊥ , the approach to the unique finite-s steady state is done with a rate of the order of s −1 . Up to this time-scale the recurrent solution given by the classical equations of motion approximates well the finite-s dynamics.
Despite having a similarities to the spectrum of 0 ⊥ , in phase I ⊥ the properties of the finite-s steady-state are well captured by those of the bosonic Liouvillian linearized around the attractive classical steady-state. This can be seen in Fig. 10 -middle panel, where the horizontal dashed lines correspond to the value of the magnetization and entropy computed from the semi-classical solution. These values are approached for asymptotic large times once the finite-s steady-state is reached.
In phase 0 ⊥ there are no stable fixed points of the equations of motion and thus the semi-classical analysis fails to give a reliable approximation to the finite-s steadystate. On the other hand, the variational approach yields a line of fixed-point solutions with a magnetization that does not saturate at the thermodynamic limit (see yellow line in Fig. 5-0 ⊥ ) . The fact that, for finite s the steadystate should not break the microscopic symmetry, selects a unique point in that line where S x = 0. In 
VI. Discussion
We can classify the different analyzed systems in two major classes: non-critical system (NCS), where the number of zero eigenvalues of the Liouvillian operator is finite for s → ∞; and critical systems (CS) that have a spectrum where a infinite number of eigenvalues approaches the imaginary axes as s → ∞.
-NCS are correspond to the phases I , II , III and I ⊥ . For these systems, the spectrum is well approxim-ated by a linearized bosonic Liouvillian obtained after a Holdsteing-Primakov transformation around the (stable and unstable) fixed points of the classical dynamics. Each stable point, α i=1,2,3 , corresponds to a zero eigenvalue on the Liouvillian in the s → ∞ limit with an eigenvector that is well approximated by the density matrix ρ |α i c α i | c , with |α i c a spin coherent state. For finite-s the overlap between these classical steady-states becomes finite, although exponentially small in s, and the degeneracy between the different eigenstates is exponentially lifted. Generically, one of the semiclassical eigenstates becomes the finite-s steady state. In order to compute which of the classical states wins, a non-perturbative calculation in s is needed that escapes the scope of the current work. On the other hand, when there are two inequivalent steady-states related by symmetry, the system is allowed to break the symmetry of the underlying Liouvillian in the thermodynamic limit. In this case, the finite-s steady-state is well approximated by symmetric combination of the two classical states. This symmetrybraking transition is of second order. The similarity of these results to the Landau scenario of equilibrium phase transitions enables us to argue that transitions between the semi-classical steady-states are generically of first order except if there is a symmetry breaking, or at the end of a first order transition line.
In NCS phases with more than one semi-classical steady-state the dynamics follows the two time-scale paradigm observed in phases II , III . This corresponds to a first decay towards the semi-classical state in the basin of attraction of the initial point, with a time scale of order s 0 , and a second decay to the finite-s steady-state, with a time scale that diverges exponentially as s increases. It is interesting to notice that for NCS the lowest part of the spectrum also has information about the unstable fixed points. Observables, such as the steady-state magnetization and entropy, can be obtained, at every order in s, by systematically computing 1/s corrections to the leading order linearized Liouvillian. In particular the Von Neumman entropy is finite in the infinite-s limit.
-CS are represented in this work by regions 0 ⊥ , I ⊥ and by the phase transition planes, including: 0 , I and the transitions I ↔ II . These are to be divided into two sub-classes: recurrent CS (CS-r), with an infinite number of eigenvalues of the Liouvillian that approach the imaginary axes (0 ⊥ , I ⊥ , 0 , I ) and non-recurrent CS (CS-nr) where a (likely infinite) number of eigenvalues vanish (I ↔ II ).
-CS-r have a massive degenerate spectrum with nonzero imaginary parts, therefore allowing for recurrent dynamics in the infinite-s limit. As in phases I ⊥ and I , a stable steady state may still exist, in this case the degenerate spectrum coexists with a regular one that is well approximated, as for NCS, by linearizing the Liouvillian around the stable fixed-point. When a semi-classical stable fixed-point exists, the properties of the finite-s steady-state are well approximated by those obtained perturbativelly from the linearized Liouvillian. This implies that steady-state observables have a convergent 1/s expansion and that the entropy of the steady-state is finite in the thermodynamic limit. In the absence of any semi-classical stable state (as in 0 ⊥ and 0 ), the semi-classical method fails to capture the properties of the finite-s steady-state. In this phase, we have that lim s→∞ S /s < 1 and the Von Neumman entropy diverges logarithmically with s. A simple variational approach, allowing to describe non-fully polarized states, can be used to predict both the magnetization and the entropy to leading order in s.
-For CS-nr system eigenvalues approach zero with a spectral gap that vanishes as a power law. Here, the fitted numerical value is compatible with a meanfield exponent s −1/2 . This, together with the perturbative results obtained in region I , suggests that the approach to the steady-state for a generic observable, O (t) − O (∞) , follows a scaling function of the from
, where λ is the eigenvalue of the linearized problem that vanishes at the transition. Assuming a scaling hypothesis, this implies a t −2 power law relaxation at the thermodynamic limit, however with the sizes studied we were not able to confirm this prediction. The entropy of this state is also observed to grow logarithmically with increasing s.
In summary, we present a detailed analysis the LMG model, featuring a collective spin system, in the presence of a Markovian dissipative environment. Motivated by recent prototypes of engineered atomic spin devices we focus on two polarization cases. Our analysis is also of interest to other variants of the dissipative LMG model that have previously been studied in the contexts of quantum optics and cold atomic setups. By employing a semi-classical treatment and a variational approach, as well as a 1/s perturbative method, we are able to systematically study the model. Despite its apparent simplicity, this model exhibits a rich phase diagram where different phases are shown to possess qualitatively different steady-state and dynamical properties. We identify a number of different phases and provide a tentative classification with terms of their spectral and steady-state properties.
One of the open issues, not addressed in the present work, is to understand the nature of the spectrum in the presence of two stable semi-classical fixed-points, as well as which of the two fixed points is realized in the finite size system. This is needed to understand the nature of the coexisting region near a dissipative first order transition.
A. Equations of Motion in the Large s Limit
In this section, we present the details of a derivation of the classical equations of motion. We do this in the next two subsection in two slightly different ways. The first is the usual semiclassical analysis. The second method consists on approximating the dynamics by constraining the possible states within a family of variational density matrices. To treat both parallel and perpendicular cases at the same time, in this section, we assume that the Hamiltonian and the jump operators are generically given by
where h α=x,y,z and γ α are real and η α i are complex parameters.
Semiclassical dynamics
A close set of equations of motion in the classical limit is obtained assuming that, for a typical state, S α S β = S α S β + O s 1 . Assuming this factorization in the equations of motion for the magnetization
one obtains the classical equations of motion for the quantity n α = 1 s S α :
where ε αβγ is the antisymmetric tensor. The stability of the fixed-points of the classical dynamics, i.e. points obeying ∂ t n β = 0, is obtained by linearizing the equations of motion in their vicinity
where n * β is the value of the fixed-point and δn β = n β − n * β . Besides the trivial fixed point with |n| = 0, which is found to be generically unstable, all the other fixed points found have |n| = 1.
Variational density matrix
Here we detail the variational approach employed in the main text. The results of this approach only differ from those in the previous section for phase 0 ⊥ and I ⊥ , where it allows to find a line of variational steady-states to witch the magnetization vector of the finite-s steadystate belongs.
The variational states are parametrized by: Since the second condition is not verified in either models, steady-states must be fully polarized and the equations for steady-states form = m/ |m| reduce to those of n in the last section, for |n| = 1. Therefore, for fully polarized steady-states both approaches coincide. We may Since a.a † − a †T .a T T = J, with J = diag (J , −J ), a transformation a → Ra that leaved the matrix J invariant, i.e. R † .J.R = J, respects the bosonic commutation relations.
In order to reveal the upper tridiagonal structure of L lin , we perform the transformationã = Ua with U = In most of the examples given in the main text, although linearization can be simply performed, explicit expressions of physical quantities are too cumbersome and bring no further significant understanding. However it is instructive to present explicit results for a particular case. In this section we illustrate the treatment of the preceding sections for the particularly simple case of region I characterized by a stable and an unstable fixed points.
a. Stable fixed-point
Assuming p > 0, region I is characterized by a stable fixed point at α = 0, the linearized Lindblad operators around this point is defined by the matrices 
